For
are the locally preferred planform for the complex Ginzburg-Landau equation . It is the purpose of this paper to explain the extent to which the conservation law is valid by proving estimates for this formal approximation.
Introduction
The (normalized) complex Ginzburg-Landau equation , is an universal amplitude equation which is derived by multiple scaling analysis in order to describe bifurcating solutions in pattern forming systems close to the threshold of the first instability. The amplitude W describes slow modulations in space and time of the underlying bifurcating spatially periodic pattern. Examples of such pattern forming systems are reaction-diffusion systems, systems in nonlinear optics, or hydrodynamical stability problems, for example Rayleigh-Bénard convection or the Taylor-Couette problem. A mathematical theory of the reduction to the Ginzburg-Landau equation has been developed by several authors (cf. [CE90, vH91, Schn94, Me98, Me99, Me00] ). It is nowadays a well established mathematical tool which can be used to obtain new mathematical results (cf. [Schn99] ), including global existence results and uppersemicontinuity of attractors. is arbitrary but fixed depending on the chosen rate of approximation.
It is not obvious apriori that an approximation result for the conservation law (1) holds. There are a number of counterexamples of amplitude equations which are derived formally in a correct way, but do not describe the dynamics in the original system in a correct way [Schn95] .
The difficulty in justifying the conservation law for the Ginzburg-Landau equation is the time scale . Since the Ginzburg-Landau equation in polar coordinates is quasilinear, since the lowest order linear terms do not possess any smoothing properties, and since the smallness of the lowest order nonlinear terms is due to derivatives the proof of the approximation property is made in a scale of Banach spaces consisting of functions analytic in a strip of the complex plane.
Our approximation result allows us to find the dynamics of the conservation law in the complex Ginzburg-Landau equation. Moreover, the Ginzburg-Landau equation approximates more complicated pattern forming systems like the Taylor-Couette problem, close to the first instability, and so we can find the dynamics of the conservation law in these more complicated systems, too. The dynamics of scalar conservation laws can be computed explicitly with the help of the method of characteristics.
Away from the threshold of the first instability, conservation laws for the evolution of the local wave number can be derived in order to describe spatial and temporal modulations of the fully developed spatially periodic pattern (cf. [HK77] ). It is the purpose of further research to justify the conservation laws also away from the threshold of the first instability.
Other amplitude equations for the evolution of the local wave number of stable and unstable planforms in the Ginzburg-Landau equation have been considered in [Ber88, vH95] . For instance, by a different scaling Burgers equation
can be derived. For some details see Remark 3.9.
The plan of the paper is as follows. In Section 2 we derive the conservation law by introducing polar coordinates . In Section 4 we go back to the original W -variable which leads to the result that estimates which hold uniformly in space cannot be expected for the approximation of W . In Section 5 we explain the consequences of our result for the TaylorCouette problem. We note that the alternative approach of [Me98, Me99] , discussed briefly in Remark 3.9, shows that the derivation of the conservation law (1) and simultaneously the Burgers equation (2) can be made exact for a certain class of solutions if derivative terms of all orders are included (so that equations (1) and (2) are combined into a pseudodifferential equation). Though the situation is formally very similar to that in [MS02] , where for Acknowledgment. Guido Schneider would like to thank A. Doelman, B. Sandstede and A. Scheel for stimulating discussions. The work of Guido Schneider is partially supported by the Deutsche Forschungsgemeinschaft DFG under the grant Kr 690/18-1.
2 Derivation of the conservation law for the complex Ginz-
burg-Landau equation
As already said, the purpose of this paper is to justify the conservation law describing the evolution of the wave number of the spatially locally preferred planform for the complex Ginzburg-Landau equation and obtain
We are interested in the dynamics close to the family of time-periodic solutions and so we introduce as new origin the time-periodic solution given in polar coordinates by " . They satisfy (cf. [vH95] ). In order to derive the conservation law we make the long wave ansatz 
and so
Remark 2.4 It is common in the literature to consider generalized versions of the complex Ginzburg-Landau equation with more complicated nonlinearities. In general, terms of the form
and is even. In this case, writing , leads to a system of the following form in place of (6):
where and 
The estimates of this paper can be proved in a similar manner for this more general system, too.
We note the symmetry (10) 
The approximation theorem for the
In this section we prove that solutions of the
-system (7) can be approximated via the solutions of the conservation law (10). In order to formulate our result we need a number of For details we refer to [Schn99] . This is the space in which the initial reduction to the complex Ginzburg-Landau equation is carried out. To study the relationship between solutions of the complex Ginzburg-Landau equation and the conservation law, we introduce 
with a constant .
At a first view it seems that our result is not of an optimal form since the approximation time
We denote the new approximation with the symbols and . We write a solution as approximation plus some error, i.e. 
where 
In order to bound the solutions of this system independent of
we need estimates on the nonlinear terms. Remark 3.9 An alternative approach [Me98, Me99] 
X
. In both cases all other curves are strictly bounded away from the imaginary axis. The first case is called PRI and the second case PRII in the following. (These bifurcations are often referred to as steady-state bifurcation with nonzero critical wavenumber and Hopf bifurcation with nonzero critical wave number [Me00] .) In the parameter region PRI, the Taylor-Couette problem can be approximated by the real Ginzburg-Landau equation which can in turn be approximated by a phase diffusion equation [MS02] . We concentrate on the parameter region PRII, where the Taylor-Couette problem can be approximated by a system of two coupled complex Ginzburg-Landau equations for amplitudes . Thus this problem possesses two distinct families of solutions which can be described by a single complex Ginzburg-Landau equation (cf. [Schn99] ). These families are modulations of axially spatially periodic traveling wave and standing wave solutions whose existence can be deduced by the implicit function theorem ("Hopf bifurcation with To be more precise, we introduce the small bifurcation parameter It is the purpose of further research to prove such an approximation result also for s not small.
